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D I S P L A C E M E N T  O F  B O D I E S  W I T H  T O S S I N G  

O N  A V I B R A T I N G  S U R F A C E  

N. A. Dokukova and M. D. Mar tynenko UDC 539.0 

A new approach to investigations o f  structural mechanisms that accomplish displacement  o f  bodies with 

tossing on a vibrating surface is suggested that explains some facts that are widely known f rom experiments.  

This approach makes  it possible to select criteria for  optimization of  the geometric parameters  and  physical 

charactersitics of the objects created that provide a reduction in mechanism loading and economy in energy 

resources. 

Mathematical  simulation and analysis of the kinematics and dynamics  of v ibrat ion- t ranspor t ing devices 

that provide directional displacement of loads with tossing are of obvious interest  despite existing exper ience  in 

designing these mechanisms and a large amount  of experimental  materials,  filmings, and  photographs.  A review of 

theoretical investigations known at the present  stage is given in [ 1-6 ]. 

Figure  1 presents  a d iagram of a v ib ra t ion- t ranspor t ing  device in the form of a vibrat ing t ray  that  

reciprocates. There fo re  the velocities and accelerations of all points of the t ray  DP will be equal in magni tude.  The i r  

analytical  dependences  can be expressed by the formulas 

sin (7, + 01) 
Vpx = - rco cos (7,1 - 01) cos 7,1 , 

(1) 

sin (7, + 01) (2) 
Vey = rw cos (7,1 - 01) sin 7,1 , 

2 2  2 2 2  . 2 
2 COS (7, + 01) OJ r COS (7' + 7,1) w r sm (7, + 01) 

apx = -- co r cos 7,1 cos 7,1 + - -  sin 01 , (3) 
COS (7,1 -- 01)  13 COS3 (7,1 -- 01)  14 COS3 (7,1 -- 01)  

2 2  2 2 2  2 
2 cos (7, + Ol) co r cos (~o + 7,1) 09 r sin (~p + 01) 

apy = 09 r sin 7,1 + sin 7,1 + - -  cos 01 , 
COS (7,1 -- 01)  13 COS3 (7,1 -- 01)  14 COS3 (~Ol -- 0 l )  

(4) 

Here  7, -- 7,(t), 01 = 01 (t), and 7,1 = 7,1 (t) are known functions of time t prescribed numerically.  And the kinematic 

parameters  of all the points of the mechanism are uniquely determined.  Of greatest  interest  is the position of the 

point P, from which the t ransportat ion (displacement) of material bodies over the tray occurs. In a Car tes ian  system 

of coordinates xOy, related to the crankgear,  the position of the point P can be represented  in the following form: 

X p  = x E -- l 4 s in  7,1 + 116 COSf l ,  (5) 

YP = YE -- /4 c~ 7,1 -- 116 s i n f l ,  (6) 
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Fig. 1. Diagram of a screen-type mechanism. 
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where x E and YE are fixed values of the coordinates of the fixed point E; 116 = 15 + 111; 14' /5' lll  are the lengths 
of the mechanism units (Fig. 1); fl = const. 

The differential equation of motion of a body along the tray has the form 

m (xp + ~p) = N (t) sin fl + Ffr (t) cos f l ,  (7) 

m (yp + ~p)  = - m g  + N (t) cos fl - Ffr(t)  s i n f l ,  (8) 

where r/Ol~ is a system of coordinates associated with the tray surface; Ycp(t) = a,ox(t),  }p(t) = apy( t )  are known 

analytical functions established on the basis of the mechanism kinematics from formulas (3) and (4). By Amonton 's  

hypothesis [4], the dependence of the dry-friction force without slipping between the tray and the body is as 
follows: 

Frr (t) = f N  (t) sign ~ ( t ) ,  (9) 

where ~(t) is the relative velocity of the body over the tray with the components (~(t); ~(t)); sign ~ t )  = i--'sign ~(t) 
. - ~ .  �9 

+ j sign ~/(t) ; ffand ]"are the unit vectors along the axes ~ and r/. 

Separation of bodies lying on the tray is possible during its lift in which vpx( t )  < 0 and Vpy(t)  > 0. The 

equations of motion of a body in the relative system of coordinates take the form 

�9 . 1 1 
~p = - Xp + N (t) ( s in  fl + f cos fl)  -- - -  Rr (t)  

m m 
(lo) 

�9 - 1 (11) rlp = - Yp - g + l N (t) (cos fl - f s in  fl)  = - - R , ( t ) .  
m m , 

At the moment of separation of the body from the tray the normal-pressure force N ( O  <- O. Then, from formulas 

(10) and (11) at the moment of body flight N ( t )  = 0 

= - x p ,  ( 1 2 )  

Or, which is the same, 

~p = _ yp _ g.  (13) 

1 
- -  R r  ( t )  = - x p ,  (14) 
r r /  
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, .  

- -  R,1  ( t )  = - y p  - g .  ( 1 5 )  
m 

System of equations (14) and (15) is incomplete, since R~(t), R,7(t), and the instant of time t are unknown 
quantities. The missing third condition is found from physical considerations: separation of the body from the tray 

surface is possible at the instant of time t = t A, when the resultant force R with the components  (Rr R,7(t)) 
becomes  directional  to the tray surface DP (Fig. 1) cor responding  to the beam 01W on the hodograph  of 

accelerations, since in any another  position the body will be pressed by this force to its surface or will slide over 

it. Then 

R,1 (t) = - tan/3 Re ( t ) ,  t3 = const .  (16) 

We can easily implement this algorithm numerically, but the derivation of simple analytical relations is of greatest  

interest. To do this, we represent  the hodograph of the acceleration apy by the following square-law dependence:  

2 (17) 
a p y =  a 0 + a I a p x  + a 2 a P x ,  

where 

2 2  3 2  2 
r w 1 r (.o cos  (~o 4- ~Ol) 

a o - - - -  2 + - -  4 X 
l 4 cos  ~1 cos  (~o 1 - 01) 13l 4 COS T I  COS (~1 --  01)  

{ 2 ) 
r cos (~o + ~Ol) (18) 

X 2COS(~P+0l )  + - -  - - -~l i  ' 
l a COS 2 (~o I ) 

a 1 = - -  t a n  ~01 , (19) 

l (20) 
a2 : 2 3 

14m cos T I  

According to formulas (14), (15), (16), and (17), the intersection of the hodograph and the straight line 

apy = - - t a n  f laPx  leads to the relation 

t a n T l -  tariff r  T I -  t a n f l l 2  a o + g  / 

apx = 2 lazl  - " 2Yz + la21 ) "  
(21) 

Then,  to determine ~o(t A) at the moment of separation, from formulas (3) and (21) we obtain a t ranscendental  

equation in which 01 -- 01 (T(ta)) and T1 = Tl (T(ta)): 

2 2  2 2 2  2 
2 c o s ( ~ o + 0 1 )  w r cos (T +~~ w r sin (9o + 0 1 )  

- - w  rcos~ol  cosT1 + -  
cos (~O 1 --  01) 13 COS3 (T1 -- 01) 14 COS3 (~O1 --  01)  

sin 0 t = 

= - A ( I - ~ / B - I x l ) ,  (22) 

where 

A - 

2 
14w 2 

2cos f lC~  Tl s in (Tl  - - f l ) ;  

471 



f apy 

0~ apx 

Fig. 2. Hodograph of the inertial force of a material body lying on a vibrating 

surface, referred to unit mass. 

B =  1 + 4gcos  2t3 + 4r 2cos 2fl 
14o)2 . 2 2 2 2 COS ~O 1 sm (~o 1 -- fl) l 4 COS ~o I sin (~o 1 - / 3 )  cos 2 (~o 1 - 01) 

X = 
8r 3 cos2fl COS (~o + 01) cos 2 (~o + ~Ol) 

2 2 
13~ cos ~o 1 sin (~o 1 - fl) cos 4 (~o I - 01) 

Neglecting small quantities that have the factors r / l  3 << 1 and r / l  4 << 1 in formula (22) and  having chosen,  

as ~o I and 0 I, the average values from the limits of their  changes, we obtain an approximate formula for f inding 

the angle ~o(t A) at the moment  of separation: 

g cos/~ cos (~h - ~  
c o s ( ~ o + 0 1 ) = -  2 ' (23) 

co r s i n  ( ~ 1  - -  f l )  

where 

g c o s f l  cos  - ( 2 4 )  
~ o = - 0 1  + v r - a r c c o s  . . . . . .  . 

w r sin (7'1 - fl) 

In calculating the angle ~o (t A) by formula (24), the error  amounts  to 3 - 7  ~o, and therefore  to obtain accurate results,  

it is convenient  to carry  out numerical calculations using nonlinear  t ranscenden ta l  equation (22). 

On the basis of the aforesaid it can be concluded that the suggested procedure (14)-(I  7) is a fundamenta l ly  

new method of calculating the kinematic characteristics of separation and flight of particles and material  bodies.  

This approach gives an explanation of certain established but until the present  time unjustified facts that are  widely 

presented in the scientific l i terature [3-6 ]. One of these facts is the delay of the tossing of a soil layer  with potatoes 

on the screen of a potato harvester  [3-5 ]. This  behavior of the soil layer  was explained by the elasticity of its strata.  

The  fact itself cannot  be denied; however, in our  opinion, the reason for the delay is that research workers took 

the condition ap = - g  as the moment  t. of separation of the material bodies. This corresponds to the point Q on 

the curve of the ~aodograph of accelerations (Fig. 2), but actually the moment  t• -- t. + At corresponds to the point 

W spaced from Q by At = 0.001--0.01 sec and A~o -- 5 - 2 5  deg, calculated for the specific parameters  of the 

mechanism that  were involved in our  experiments.  In view of this, the height and the distance of flight of material  

bodies change,  since the initial conditions at the moment  of separation,  corresponding to the point W on the 

hodograph of accelerations,  are different  (Fig. 2). The i r  magnitudes are smaller in comparison with those of the 

velocities at the point Q. Therefore  the height of the tossing de termined by the procedure suggested is decreased 

on the average by a factor of 1.5 compared to the procedure known in the l i terature [3-5 ] and corresponds ideally 

1o the experimental  data obtained by us and results presented in monographs of a number  of authors.  
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N O T A T I O N  

r, ~o, w, radius, angle of rotation, and angular velocity of the crank; t, time coordinate; li, i = 1, 16, lengths 

of crankgear units (Fig. 1); 01 (t) and ~o I (t), angles of rotation of the units l 3 and 14; XE, YE, Xp, yp, coordinates of 

the points E and P; m, mass of the material object; g, acceleration of free fall; fl, dip angle of the tray surface DP 
to the horizonal; N(t), normal reaction of the tray to the body; Ffr(t), force of friction between the tray and the 
body; f, coefficiet of friction; Vpx(t) and Vpy(t), velocities of the material object located at the point P; R = (R~(t), 
R,l(t)), total force acting on the body. 
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